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ON THE STABILITY OF A GENERAL MAGNETIC FIELD
TOPOLOGY IN STELLAR RADIATIVE ZONES
K. Augustson 1 , S. Mathis1, 2 and A. Strugarek1

Abstract. This paper provides a brief overview of the formation of
stellar fossil magnetic ﬁelds and what potential instabilities may occur given certain conﬁgurations of the magnetic ﬁeld. One such instability is the purely magnetic Tayler instability, which can occur for
poloidal, toroidal, and mixed poloidal-toroidal axisymmetric magnetic
ﬁeld conﬁgurations. However, most of the magnetic ﬁeld conﬁgurations observed at the surface of massive stars are non-axisymmetric.
Thus, extending earlier studies in spherical geometry, we introduce a
formulation for the global change in the potential energy contained in a
convectively-stable region for both axisymmetric and non-axisymmetric
magnetic ﬁelds.

1

Motivation

In keeping with Jean Paul Zahn’s long-standing interest in stellar transport mechanisms, and in the interest of extending some of his earlier work on the Tayler
instability (Zahn et al. 2007), we wish to investigate a generalization both of that
work as well as that of Tayler (1973) to nonaxisymmetric magnetic ﬁelds. Such
an instability may be active in stars and may lead to the dissipation of certain
magnetic ﬁeld conﬁgurations. Thus, it is useful to ascertain which magnetic ﬁeld
conﬁgurations are stable against the Tayler instability as a potential means of
constraining the possible morphologies of fossil magnetic ﬁelds. The fossil ﬁeld
hypothesis states that remnants of the ﬁeld built during a star’s birth persist
in the radiative, convectively-stable zones of main-sequence stars (Alecian et al.
2013). This hypothesis is invoked to explain the large-scale magnetic ﬁeld conﬁgurations observed at the surface of stars with a radiative exterior (Neiner et al.
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Fig. 1. (a) A sketch of the transition from an initially fully convective, pre-main-sequence
star to a main-sequence star with a stable radiative interior. A convective dynamo establishes the fossil ﬁeld. Once convection has halted, it relaxes into a stable conﬁguration
during the evolution of the stable region. The stellar magnetic ﬁeld is a superposition of
dynamo-generated and fossil ﬁelds. The red arrow denotes the contraction of the convective envelope, the convectively-stable core is the yellow region encircled by a black
line. (b) Tayler instabilities in a cylindrical current channel. From left to right: shows an
equilibrium conﬁguration for an azimuthal magnetic ﬁeld, a varicose (m = 0) instability,
and a kink type (m = 1) instability. Field lines are marked with arrows.

2015; Braithwaite & Spruit 2015). The magnetic ﬁeld observed at the surface of
massive stars is typically a non-axisymmetric oblique dipole or a similarly simple
geometry (Moss et al. 1990; Walder et al. 2012; Wade et al. 2016). Given the
hydrodynamic similarity of the stably-stratiﬁed regions of massive and low-mass
stars, such non-axisymmetric magnetic ﬁelds may also exist within these regions
for low-mass stars (Strugarek et al. 2011). Fossil magnetic ﬁelds have been proposed as an important source of angular momentum transport and mixing across
the Hertzsprung-Russell diagram (e.g., Gough & McIntyre 1998; Heger et al. 2005;
Mathis & Zahn 2005). Thus, constraining the stability of magnetic ﬁelds within
the convectively-stable, radiative regions is important when characterizing their
inﬂuence on the transport of angular momentum over evolutionary timescales. It
is also useful to better understand the observed magnetic ﬁeld geometry for intermediate and high mass stars and its consequences for the local stellar environment
(e.g., Petit et al. 2012).
As an example of how fossil ﬁelds can form, Figure 1a depicts the process of
freezing out the magnetic ﬁeld as an initially fully convective star evolves along
the pre-main-sequence (e.g., Emeriau-Viard & Brun 2017), when the star undergoes gravitational contraction. Once convection has halted in the stably-stratiﬁed
layers, the ﬁeld will undergo a slow Ohmic decay if the ﬁeld has a stable conﬁguration or a fast Alfvénic decay if it is unstable. To determine which decay path
the magnetic ﬁeld will take, one can assess the stability of the system to small
displacements of ﬂuid elements. If the growth rate of those small perturbations is
real and positive, the magnetic ﬁeld undergoes the Tayler instability.
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The Tayler instability

The analyses of Tayler (1973) and Markey & Tayler (1973) address the stability
conditions for toroidal and poloidal conﬁgurations of an axisymmetric magnetic
ﬁeld within a quiescent, stably-stratiﬁed medium. Three examples of the local instabilities arising in systems with an axisymmetric magnetic ﬁeld are sketched in
Figure 1b. A stable equilibrium arises when the magnetic ﬁeld has no associated
current (e.g., if it is potential), or if the Tayler stability criterion are met. However,
when the current density or Lorentz force are suﬃciently large, two other instabilities can be excited: the axisymmetric m = 0 varicose instability or the m = 1
kink instability, which is the most rapidly growing mode of the two. An analysis
of the instabilities indicates that only certain mixed (poloidal and toroidal) conﬁgurations of axisymmetric magnetic ﬁelds are stable within the radiative regions
of stars (Tayler 1980; Braithwaite 2009). If one accounts for rotational eﬀects,
the characteristics of these axisymmetric systems are modiﬁed in that the Coriolis
force enhances their stability (Pitts & Tayler 1985). The nature of the equilibrium states of mixed-morphology magnetic ﬁelds has been considered extensively
in both non-rotating and rotating systems (e.g., Prendergast 1956; Braithwaite &
Nordlund 2006; Braithwaite 2008; Duez & Mathis 2010; Duez et al. 2010; Duez
2011; Braithwaite & Cantiello 2013; Emeriau & Mathis 2015).
The σ-stability analysis elaborated in Tayler (1973) can be generalized to
global-scale geometries as shown in Goossens (1980). However, axisymmetric magnetic ﬁelds are only one component of the full magnetic ﬁeld. Indeed, the analysis
can be extended to conﬁgurations with both non-axisymmetric magnetic ﬁelds
and diﬀerential rotation as established in an upcoming paper (Augustson et al.
2017). The resulting stability criteria aid in isolating the possible magnetic ﬁeld
conﬁgurations within the stable regions of stars, thereby restricting the routes
of angular momentum transport and limiting the types of interactions with the
dynamo-generated magnetic ﬁelds established in convective regions.

3

Fundamental equations

The linearized equation of motion under the Cowling approximation (Cowling
1941) for a ﬂuid element in a general, but non-rotating, coordinate system is
ρ

∂2ξ
1
[(∇×δB) ×B + (∇×B) ×δB] − δρ∇Φ − ∇δP ,
=
2
∂t
4π

where ξ is the displacement, B the magnetic ﬁeld, ρ the density, P the pressure,
Φ the gravitational potential. The Eulerian perturbations δ of those quantities
follow directly from the continuity, pressure, and induction equations as
δρ = −∇·(ρξ),

δP = −ξ·∇P − γP ∇·ξ,

δB = ∇×(ξ×B).
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Therefore, one has that
ρ

∂2ξ
= F[ξ; ρ, P, Φ, B] = ∇·(ρξ)∇Φ + ∇[ξ·∇P + γP ∇·ξ]
∂t2
+ [(∇×∇×(ξ×B)) ×B + (∇×B) × (∇×(ξ×B))] ,

where γ is the ratio of speciﬁc heats.
As in Bernstein et al. (1958), one can consider simple solutions to the above
equation that take the form ξ = Re [ψ(x) exp (iωt)], for which the equation of
motion yields −ω 2 ρψ = F [ψ]. It can be shown that the vector function F is selfadjoint. With a properly deﬁned inner product for the solutions ξ, one can see that
the dispersion relationship for a general displacement in an arbitrary coordinate
system is given by
ω2 = −

ψ, F [ψ]
=−
ρψ, ψ



ψ ∗ · FdV



ρψ ∗ · ψdV

−1


= 2∆W

ρψ ∗ · ψdV

−1

where the integral is taken over the region of interest, which for stars are their
convectively-stable zones.
The displacement is unstable if the change in the potential energy of the system (∆W ) is negative. In general, one ﬁnds that this energy can be split into
three parts as ∆W = ∆WL + ∆WB + ∆WP , with ∆WL being the work due to
Lorentz forces, ∆WB being the work due to buoyancy, and with ∆WP being the
pressure work. To ﬁnd general classes of magnetic ﬁelds that are stable in a given
radiative region, one needs to be able to ﬁnd an expression for the work that can
be minimized. This is possible within the context of separable coordinate systems.
For this work, the spherical coordinate system is used. Therefore, for compactness
and expedience, ψ, ρ, P , Φ, and B are projected onto the spherical spin vector
harmonics (SVH). The SVH are a complete orthonormal set of vector functions
that are formed from speciﬁc combinations of the spherical harmonics and their
derivatives (Varshalovich 1988). When the work integrands are expanded on the
SVH basis, one can show that

∆WL =

rt

rb

drr2

4






m3
m4
∗m 2 ,m2 ,λ
1 ,m2
ψ
ψ,ν
λ, µLm
B
J 3 , m3 , ν3 J ,m,ν

,ν

,ν
 1 , m 1 , ν1
1 ,  2
3 3
4 4

i=1 , m, ν, µ, λ
 i , m i , νi

ν1 , ν 2

 4 , m 4 , ν4

 2 , m 2 , ν2 ,

where each ranges from zero to inﬁnity, each m ranges between − and , and
where ν, µ, and λ range between −1 and 1. The integral is taken between radii
rb and rt , which demark the bottom and top boundaries of the radiatively stable region. The J coeﬃcients arise from the projection of the cross products of
the SVH basis vectors in Equation 3.1 back onto the basis. The L symbol is a
function of radius that arises from the Lorentz force, and thus it is a second-order

,
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diﬀerential operator involving the radial functions of the displacement and the
magnetic ﬁeld as


2 ,m2
2 ,m2
1
2
G
Bm1 ,ν
F
∂
∂
ν
,λ
ν
,λ
m1 ,m2

,m
1
2
3
4
+
λ, µL 1 , 2 = −
Bm4 ,ν
Iλ,µ
ψm3 ,ν
Eν22 ,λ 2 2 + 2
2
3
4
4π
∂r
r
∂r
r
ν1 , ν 2

m1 
1
∂Bm1 ,λ
1
1 ,m1 B1 ,λ
1
+
C
+
Dν11,m
,λ
ν1 ,λ
4π
∂r
r


2 ,m2
Cν ,µ
∂
3
4
2
+ 2
ψm3 ,ν
Bm4 ,ν
,
× Dν22,m
,µ
3
4
∂r
r
where the coeﬃcient matrices C, D, E, F , and G describe the projection of the
curl and double curl operators onto the spin vector harmonic basis, and I is
the unit tensor. Assuming that the star is spherically symmetric, namely that
the gradient of the gravitational potential is only in the radial direction, then one
has that g = −∂r Φ. So, tackling the buoyancy work integral, it can be seen that
 rt
 (−1)m2 √
√ ∗m 
∗m
M,ν
drr2 g (r)
+ 1ψ,1
− ψ,−1
∆WB =
2 +1
rb
, m, 1
 2 , m 2 , ν2


×

2
K −m, m2 , ν ρm1 2 −m ψm2 ,ν
2
1 ;
 2 , ν2


,

Similarly, the pressure work integral can be identiﬁed as
 rt

1
∗ m+m2
M,ν ψ,ν
∆WP =
drr2
(2 + 1) (2 2 + 1)
rb
, m, 
1

2 , m2

{(−1)

m+m2

m,m2
2
+
γH,
P m M2 ,ν ψm2 ,ν
1 ,2 1


ν1

2
ψm1 ,ν1 N2 ,ν [Km,m
P m2 ]},
 1 , ν1  2

;

2 , ν

Here, H and K are coeﬃcients related to the 3-j and 6-j symbols that arise from
integrals over products of SVH that are then either projected onto the scalar
spherical harmonics, which, along with J , are closely related to those deﬁned in
Varshalovich D.A. et al. (1988) and Strugarek et al. (2013). Note also that
M,ν =

N,ν

4

√
∂
+2
+
δν,1 −
∂r
r
√
√
∂
−
=
+1
δν,1 −
∂r r

√

+1

∂
−1
−
δν,−1 ,
∂r
r
∂
+1
+
δν,−1 .
∂r
r

Conclusions

Utilizing the projected form of ∆W , stability criterion can be found for which
the system with a chosen general magnetic ﬁeld is linearly stable or unstable to
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an arbitrary displacement by integrating the terms with radial derivatives of ψ
by parts and then explicitly minimizing the radial integrals with respect to ψ.
This will be demonstrated more completely in an upcoming paper (Augustson
et al. 2017). Applying such criterion to stellar radiative zones will permit the
determination of the stability of certain classes of magnetic ﬁelds that have a broad
range of non-axisymmetric components. Possibly, one may ascertain why the most
common magnetic ﬁeld conﬁguration observed has the magnetic symmetry axis
oblique to the stellar rotation axis.
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